This paper presents a multivariate jump-diffusion model with positive and negative jumps in which volatilities and jump intensities are time-varying to study the effect of jump risk on a risk-averse investor's optimum portfolio allocation. Motivated by the large returns -in both
Introduction
The return distributions of many financial assets are not normally distributed -something of which the recent crisis reminded us sharply. Large absolute returns generate kurtosis and skewness and render the return distribution leptocurtic. Introducing jumps into otherwise purely Gaussian models is a means to model these higher moments. The general idea behind jump-diffusion models is that jumps capture the rare but large returns while the diffusion describes the everyday movements of asset prices. When looking at the equity returns in This paper presents a double dynamic jump-diffusion model in which jumps exhibit these properties in order to investigate the optimum portfolio allocation of a risk-averse powerutility investor. The purpose is to show that jump risk implies a more conservative portfolio allocation in general and also a different allocation within the risky portfolio compared to the pure diffusion case. The proposed model combines and extends the ones of Das and Uppal (2004) , Liu, Longstaff and Pan (2003) and Wachter (2008) . Two independent Poisson jump components enable the distinction of positive and negative jumps. Both jump components describe systemic jump risk in that all risky assets in the portfolio jump simultaneously. Finally, both jumps exhibit a GARCH-type dynamic of the jump intensity to capture clustering effects in jump risk while the diffusive volatility follows its own GARCH-type process.
The distinction of positive and negative co-jumps is new to the literature and is shown to be important. Of course, the risk-averse investors cares differently about positive and negative shocks. However, the major advantage of this specification is another one: If positive and negative jumps exist and both are lognormally distributed but one erroneously assumes just one component, the estimated jump size distribution will be a mixture of these lognormals with a mean close to zero and a large volatility. In Section 2.4 a numerical example shows that the optimum portfolio allocation implied by this mixed distribution differs from the allocation with two different distributions for both kind of jumps. Empirically, this feature turns out to be crucial and the reason is already visible in Figure 1 : Many large returns are positive.
The second distinctive feature of the model is the combination of stochastic volatility and stochastic jump intensities -to my knowledge the first attempt in the portfolio allocation literature. Both dynamics are autocorrelated to capture clustered volatility, as described by a vast literature, and clustered jump risk. The estimation results imply that the introduction of time-varying volatility improves the model substantially. The fit is much better, as to be expected, and the effect of jump risk on the portfolio allocation is more pronounced compared to a pure-diffusion stochastic volatility model, as well. The latter does not necessarily need to be the case since stochastic volatility can also capture the kurtosis. The empirical results for the jump intensity, however, are rather disappointing but in line with the literature: The parameters imply that jump risk is constant. This paper is primarily related to the literature about optimum portfolio allocation in the presence of jumps. Das and Uppal (2004) and Liu et al. (2003) are the most closely related papers. In a buy-and-hold setting, Das and Uppal (2004) analyse systemic jump risk's effect on portfolio allocation in a buy-and-hold setting. In their model the jump process is the same for all assets, meaning that all assets jump at the same time, and conditional on a shock jump sizes are perfectly correlated. They conclude that systemic jump risk has a limited effect on optimum portfolio allocations. By contrast, Liu et al. (2003) do just look at the allocation between one risky and the risk-free asset. They do not look at the potential changes to the composition of the risky portfolio. They investigate the effect of stochastic volatility on the portfolio if the jumps affect the returns and volatility simultaneously. Since the stochastic volatility serves as a scaling factor of the otherwise constant jump component, the jump intensity becomes time-varying. My model inherits the stochastic volatility framework but jumps do not affect the volatility and vice versa. The reason is that I want to test whether the estimated dynamics for the volatility and the jump intensity differ. There is no reason to assume they should be the same.
However, the portfolio allocation literature with jump-diffusion settings goes at least back to Merton (1973) , in which a jump process is used to model a defaultable bond. Other early papers are Jeanblanc-Picqué and Pontier (1990) and Aase (1984) . More recently, Wu (2003) estimates a jump-diffusion model in which the mean is following an Ornstein-Uhlenbeck process which in turn is also driven by jumps. He finds jump risk to have an important effect on portfolio allocation and rebalancing activity. Ang and Bekaert (2002) and Kole, Koedijk and Verbeek (2006) present a regime-switching model including a regime for a systemic crisis. They argue that Das and Uppal (2004) do not find substantial changes in portfolio allocations because jumps are not persistent as in their model. However, this paper's model finds important portfolio changes and allows for persistence but the persistence parameter is insignificant. By contrast, Cvitanic (2008) neglects the diffusion terms completely and investigates instead theoretically the effect a pure-jump model on the portfolio allocation using a variance-gamma process.
Apart from the portfolio literature, this paper is related to several other strands. In macro-finance emerged very recently a new literature, starting with Gabaix (2008) , in which variable rare disaster risk is used to explain risk premia and other puzzles in asset pricing.
Within this literature, Wachter (2008) presents a jump-diffusion model where the shocks affect consumption growth. In her model the jump intensity follows a GARCH-process but the volatility remains constant. The same GARCH process enters the double dynamic model but the volatility is also stochastic because I want to avoid that jump dynamics actually capture dynamics of the volatility process.
Furthermore, there is a whole literature about time-varying jump intensities. McCurdy (2004, 2007) and Chan and Maheu (2002) present a series of models with dynamic jump intensities with or without stochastic volatility for foreign exchange and equity data. Santa-Clara and Yan (2008) estimate a model with dynamics in both volatility and jump intensities implied by option prices. All of these papers find significant persistence in jump risk. This contrasts the findings by Andersen, Benzoni and Lund (2002) . In an investigation of a series of models to describe equity returns they conclude that a model needs to incorporate stochastic volatility and jumps. They also investigate time-variation in jump intensities, where dynamics are entirely driven by the volatility, but they find it to be insignificant. In contrast to their recommendation the mean in my model does not vary with volatility.
1
The remainder of the paper is organised as follows: Section 2 presents the general double dynamic model. Section 2.3 presents constrained versions of the double dynamic model. The example in Section 2.4 illustrate the effect of distinguishing positive from negative jumps. Section 3 presents the parameter estimates and the optimum portfolio allocations for all discussed models. Section 4 concludes.
A Double Dynamic Model of Asset Returns and Portfolio Allocation

Return Processes
The returns in Figure 1 exhibit several large or even extreme price movements during a single day. Though not formally tested for daily data, it is now widely assumed that some or most of these large returns are jumps. Visual inspection leads to the observation about the last decade's equity returns that large returns are almost as often positive as negative. Secondly, jumps tend to occur simultaneously e.g. at the end of 2008 or in the middle of 2002, although the Japanese market seems to be less correlated with the American or British stock markets.
Idiosyncratic jumps do certainly occur, as well. Probably they are even in the majority but since their effect vanishes asymptotically in a large portfolio, they are neglected in this paper. Thirdly, there seems to be massive clustering. However, without a formal test such a statement might be missleading since jumps can also occur during calmer times. Combining these effects, i.e. clustering of systemic jump risk, in addition to heterogeneous volatility can have devastating effects on an investor's portfolio and has therefore the potential to explain why portfolio diversification did not work well in October 2008.
In order to capture these properties, the following return dynamics, thereafter called double dynamic model, are assumed:
Note that throughout the paper bold face characters denote vectors and matrices. The first equation represents the constant return of the risk-free asset. Equation (2) 
Note that conditional on a jump, each asset has its own distribution -one for positive and one for negative jumps. By contrast, since dQ is the same across the assets in the portfolio, all assets jump at the same time which makes jump risk systemic. The jump intensity, i.e. the probability of a jump occurring, is the product of the constant scaling factor λ + or λ − with the latent variable λ t . λ t follows the GARCH process in equation (4) and is the same for both jump components. The distinction of positive from negative jumps does not mean that all elements in a are larger than zero and negative for c. The constraint used in the estimation is
Equation (5) implies that if a n is positive, c n has necessarily to be negative or vice versa for each asset in the portfolio. The qualification as a positive or negative jump rests on the sign of the portfolio's first asset's mean jump size. This solution is less restrictive as it allows save heaven effects, i.e. some assets might systematically jump in the opposite direction than the majority of the assets.
The N -dimensional Brownian motion is the same in equations (2)- (4), i.e. I assume perfect correlation between the processes. It implies that the driving factors behind the return process, the integrated volatility process and the jump intensities are the same. This assumption can be easily relaxed in the model by assuming independence or some correlation between the Brownian motions of the three processes but it will become relevant in the empirical section. The two vectors κ 1 and κ 2 summarise the information by the Brownian motions to obtain a scalar value. In equation (3) the parameters β, α and η capture the constant, the autocorrelation and the moving average term, respectively, of a continuous-time GARCH process. Analoguously, φ, τ and do so for the dynamics in the jump intensity.
Optimum Portfolio Allocation
Given the double dynamic model of asset's returns, the optimum portfolio allocation for a risk-averse power-utility investor is derived in the following. The investor obtains utility from terminal wealth via a traditional CRRA utility function. There is no intermediary consumption and there is no bequest at the terminal date. The value function of the investor is therefore:
subject to the budget constraint
with initial wealth W 0 = 1. The N × 1 vector x t represents the portfolio weights of the risky assets at time t. The portfolio weight of the risk-free asset is then just 1 − x n . The corresponding Bellman equation is then
Using the arguments in Duffie, Pan and Singleton (2000) , I conjecture the following solution:
Substituting in the Bellman equation and dividing by V gives
Deriving for x t gives the optimum portfolio weights:
Separating the latent variables and setting them selectively to zero yields the ODEs:
The first order condition is a N -dimensional system of equations that will be solved numerically jointly with the ODEs for B(t) and C(t). The first two terms of (11) denote the excess return over the risk-free asset, the following term subtracts the expected value of the jump components that is added by the last two terms. The fifth term is a punishment for the volatility and the terms with B and C introduce the effect of the two dynamics. If jump risk does not exist (or is insignificant), the terms with λ drop out of the equation giving the pure-diffusion case with stochastic volatility. The portfolio allocation resulting from (11) is called D2PosNeg in Table 3 . However, the presentation and discussion of the pure-diffusion cases and other benchmarks is the aim of the following section.
The derivation of the certainty equivalent, CEV, follows exactly the steps in Uppal (2004, 2002) and is hence not shown here. The resulting measure is:
where
and x opt t are the weights of the optimal portfolio and x sub t are the weights of the suboptimal portfolio. In the following x sub t will always correspond to the model without any jumps as to be discussed below.
Constrained Models
In order to evaluate the ceteris paribus contribution of each single feature of the double dynamic model, several constraints are imposed on it totalling to eight different specifications to be estimated. First, I drop the distinction of positive and negative jumps by imposing
2 This constraint will also be imposed on the stochastic volatility model with constant jump risk and on the buy-and-hold setup. These models are called D2Neg, D1Neg
and D0Neg in Tables 2 and 3 .
Second, constraints on the two dynamics are imposed: First, the jump intensity dynamic in equation is replaced by a constant giving a stochastic volatility model (Models D1PosNeg
and D1Neg) and secondly, also the volatility is replaced by a constant (Models D0PosNeg and D0Neg). The appendix shows the derivation of optimum portfolio weights in the case of constant jump risk analoguously to the derivation above. The resulting first order condition and its corresponding ODEs are:
These benchmarks help evaluating whether the jump intensity dynamics and/or the stochastic volatility are important ingredients to the model. The derivation of the D0 model follows the steps described in Das and Uppal (2004) and is thus not shown here. D0Neg is equal to their model.
Finally, the very basic benchmark is the pure-diffusion model. In this setting both jump 2 Note that this constraint again does not imply that the mean jump sizes must be negative now as discussed already above.
components are obviously equal to zero. There are again two versions: one with stochastic volatility and one without it (Models D1Diff and D0Diff ). While D1Diff is equal to D1PosNeg just with the constraints λ + = λ − = 0, D0Diff is the classic closed-form solution:
The certainty equivalent measure for the constrained models is an appropriately adjusted version of the CEV in equation (15).
3 It is not shown here and, again, the results in Table 3 denote the value added to the investor by the optimal portfolio with respect to the dynamic D1Diff or the buy-and-hold setting D0Diff.
Comparative Statics: Distinguishing Positive from Negative Jumps
The purpose of the following analysis is to study the implication of assuming that common jumps do not need to be negative all the time. For this purpose I compare the portfolio allocations of two investors in a buy-and-hold setting with constant jump intensities and volatility: The first investor considers systemic jump risk but does not distinguish positive from negative jumps while the second one does so. Otherwise they and their opportunity set are completely equal.
Suppose there are N assets with positive and negative cojumps and both jumps have specific jump intensities, λ + and λ − , and jump size distributions, log(J + ) ∼ N (a, b) and
If the investor erroneously assumes that there is just one jump component, she faces actually a mixture of these two distributions. Due to independence, the jump intensity is just the sum of the intensities (Cont & Tankov, 2004 , , p. 52), i.e.λ = λ + + λ − .
By the properties of the Gaussian distribution, the mixed distributionJ 's parameters arē
When plugging these values in the first order condition of D0PosNeg and D0Neg, the investors will not choose the same portfolios because in general:
as shown by the following numerical example.
The base case assumes the following parameter set 4 : γ = 3, r f = 0, λ However, the deviations between the two portfolios can be substantial. This holds particularly for λ − for two reasons: First, the effect of a change in the parameter enters the first order condition directly and is not mixed with the other jump size distribution. Second, the positive risk aversion creates a leverage effect.
This example shows that if the distribution of jumps has two peaks, i.e. one positive and one negative, neglecting the second component introduces a bias in the portfolio allocation.
Since visual inspection implies that this might actually be the case, the distinction should be important in the subsequent empirical part.
3 Empirical Analysis
Description of the Estimation and the Data
I estimate the model via maximum likelihood estimation. For this purpose, analogously to Jorion (1988) , I define the corresponding conditional log-likelihood equation as follows:
The log-likelihood equation holds conditional on the state variables σ 2 t and λ t . Their values at time t ∈ [1, T ] are given by the following discrete-time GARCH(1,1) processes that correspond to equations (3) and (4): (29) and (30). Since the volatility process is strictly stationary its long-run value isσ 2 = β/(1 − α − η). The stationarity condition does not need to hold for λ t , henceλ t is just the mean of λ t . By solving the following equations one obtains µ and Θ:μ
whereμ andΣ denote the empirical moments.
After having estimated the parameters by maximum likelihood, I numerically solve the first order condition to obtain the optimum portfolio weights x t . The optimality condition, however, depends on B(t) and C(t) which are the solutions to the ODEs in equations (13) and (14). As these ODEs also depend on the portfolio weights, it is necessary to solve them simultaneously. Furthermore, for all optimisations I assume the investor's relative risk aversion to be γ = 3 and the risk-free asset has zero return, i.e. r f = 0.
The data consists of the MSCI price indices for the three major equity markets -the United States, the United Kingdom and Japan -translated into US dollars. returns to much higher absolute levels. However, the changes in the skewness are rather counterintuitive as I would expect the negative returns -including the large negative onesto outweigh the positve ones during a financial crisis. dwarfs them. At the end of the sample, two months after the largest market movements, the volatility had fallen considerably but was still at a rather high level.
Parameter Estimates
On the other hand, the corresponding parameters for the jump intensity dynamics are much lower while the constant term turns out to be relatively important. The parameters are also insignificant except for the constant term. This means that either the persistence in the jump intensities is indeed low or shocks coming from the demeaned squared returns are not very informative for the intensity process. Unless there is a substantial difference in the time-series behaviour between idiosyncratic jumps and systemic co-jumps, the former seems to be implausible when considering the very high persistence found by Chan and Maheu (2002) in their univariate setting. The estimates for λ + and λ − indicate that positive jumps occur more frequently. The right hand side of Figure 3 plots the dynamics of λ t λ + .
However, the estimated process is basically a flat line, again contradicting the findings of Chan and Maheu (2002) . The average jump intensity for positive jumps is 1.27 and 0.0092 for negative ones, respectively. Thus, the probability of a shock occurring on any day is P (dQ(+) = 1) = 1.25% and P (dQ(−) = 1) = 0.92%, respectively. In other words, one can expect two to three negative jumps per year which is comparable to the finding of Andersen et al. (2002) .
The jump size distributions differ a lot. Positive jumps occur more frequently but their impact conditional on a shock is rather low as implied by the small values of a and b. By contrast, the expected impacts of a negative jump, c, are substantial. Note that this is already in addition to the diffusive movements. On the American equity market, a daily return of −1.83% corresponds to the 6th percentile. 6 Combined with the large jump size volatilities, the jump component can produce violent market movements.
From the constrained models one can infer three general statements: First, the models with jumps outperform the pure-diffusion models. All λs are significant and the likelihood is higher. Second, the distinction of positive and negative jumps always outperforms its counterpart with just one jump component. Finally, the jump intensity is constant. The latter is a disappointing finding but is not surprising given the different findings in the literature mentioned in the introduction. The likelihoods of the different models favour the D1PosNeg model. Note that all differences between the log-likelihoods are significant judged by likelihood ratio tests. Interestingly, the D1PosNeg model and the buy-and-hold counterpart D0PosNeg imply a save haven-function of the Japanese market. The sign of its mean jump size differs in both cases from the US and UK markets.
Optimum Portfolio Allocations
When comparing the implied optimum portfolios of D2PosNeg with D1Diff, the effect of systemic jump risk is strong and limited at the same time: The investor indeed chooses a portfolio which weights are smaller in absolute terms. If the investor holded this portfolio during the sample period, she would have been willing to forego mean return and a bit of positive skewness in exchange for a much smaller volatility as well as a much smaller maximum daily loss and value-at-risk. Surprisingly, the investor does not choose an allocation with lower kurtosis. On the other hand, the composition of the risky portfolio is basically identical to the pure-diffusion portfolio. Just the Japanese market's weight changes somewhat. Given the large jump size distribution parameters for Japan, this must be expected.
Nevertheless, it remains puzzling that the differences in the jump size distributions do not translate into an altered allocation of the risky portfolio, as well. This is probably the consequence of jump risk being systemic and all assets jumping in the same direction. There is no asset available that protects the investor from jump risk such that the investor flees into the risk-free asset. Measured by the utility function, the certainty equivalent is positive but rather small. For a one year horizon, i.e. T − t = 250, the investor is willing to pay 0.07% of his initial wealth to obtain the D2PosNeg portfolio instead of the D1Diff portfolio.
The effects on the investor's portfolio choice are much larger when looking at the constrained models. The D1PosNeg model is again the preferred model in terms of certainty equivalents -at least among the dynamic models. The portfolio weights, also within the risky portfolio itself, differ substantially from the diffusion models. Particularly, the Japanese market's weight increases due to its save haven property. The investor chooses a portfolio with a smaller mean but also smaller volatility, less kurtosis, a more positive skewness and a much smaller VaR. In general, these result show that investors would choose a more conservative portfolio allocation if they considered jump risk. In addition, when looking at the portfolio including the risk-free, the distinction of jumps again turns out to be important because the weights are always more conservatively with both jump components.
Conclusion
This paper presented a double dynamic jump-diffusion model for portfolio allocation. The empirical results imply that the second dynamic, the one for the jump intensity, is insignificant and hence is outperformed by a stochastic volatility model. However, the distinction of positive from negative jumps turned out to consistently outperform models with just one jump component. The implied optimum portfolio allocations mostly differ substantially from the pure-diffusion case. Investors should invest more conservatively regarding the mixture between risk-free and risky portfolio. Furthermore, the risky portfolio's composition changes, as well. The distinction of jumps imply an even more conservative allocation. Although the results in this paper are all in-sample and they have not yet been subject to a robustness check, the results show that the consideration of undiversifiable jump risk leads to more conservative portfolios -something that should have been considered before the recent financial crisis.
Although the dynamics in the jump intensities turned out to be rather flat, research in this area is far from exhausted. In this paper the simple sum of squared returns drives the dynamics. Further research should focus on the identification of exogenuous factors that better explain the dynamics in λ t . Potential candidates are macroeconomic variables or prices for (put) options and other 'insurance' products. Provided meaningful factors exist and the time-variation in λ t is indeed as violent as in Chan and Maheu (2002) , its effect on an investor's portfolio allocation is likely to outweigh the effect of changing integrated volatilities. The figure reports the results of the numerical example in Section 2.4. The graphs depict the differences in portfolio allocations to asset 1 and asset 2 depending on whether or not positive jumps are distinguished from negative jumps for different parameter values. An increase in the probability of negative jumps leads to a substantially different portfolio allocation from the investor who does not distinguish the jumps. The effects are less pronounced but still important for changes in asset 2's mean jump size, a2, or in the jump size volatility of asset 2, d2.
Figure 3: Volatility and Jump Intensity Dynamics
The graphs depict the estimated volatility over time on the left hand side and on the right is the estimated jump intensity dynamic. While the volatility pattern corresponds to the findings of the vast GARCH literature, the product λtλ − is merely a constant line. The latter is also implied by the insignificance of its parameters. The table reports estimated parameters for diverse models: D2PosNeg corresponds to the model described in Section 2. D1 denotes models with constant jump intensity and D0 means that the volatility and jump intensity are constant. Neg-models have just one jump component. The benchmark cases D0Diff and D1Diff are the pure diffusion models with and without time-varying volatility. l/T is the value of the log-likelihood function at the optimum divided by the sample size. Asymptotic t-values are in brackets. The table reports the optimum portfolio weights and the descriptive statistics of the portfolio returns. D2PosNeg corresponds to the model described in Section 2. D1 denotes models with constant jump intensity and D0 means that the volatility and jump intensity are constant. Neg-models have just one jump component. The benchmark cases D0Diff and D1Diff are the pure diffusion models with and without time-varying volatility. The bottom panel reports the four moments of the portfolio returns as well as the minimum return, the value-at-risk at the 99% level and the certainty equivalent CEV. Means and standard deviations are in annual terms. CEV is taken with respect to D0Diff for the D0 models and to D1Diff otherwise.
